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The focus on the current study is to assess the e!ects of structural deformations
of the crankshaft/connecting-rod/piston mechanism on the computation of the
instantaneous engine friction torque. This study is performed in a fully controlled
environment in order to isolate the e!ects of structural deformations from those of
measurement errors or noise interference. Therefore, a detailed model, accounting
for the rigid and #exible motions of the crank-slider mechanism and including
engine component friction formulations, is considered in this study. The model is
used as a test bed to generate the engine friction torque, ¹

fa
, and to predict the

rigid and #exible motions of the system in response to the cylinder gas pressure.
The torsional vibrations and the rigid body angular velocity of the crankshaft, as
predicted by the detailed model of the crank-slider mechanism, are used along with
the engine load torque and the cylinder gas pressure in the (P}u) method to
estimate the engine friction torque, ¹

fe
. This method is well suited for the purpose

of this study because its formulation is based on the rigid body model of
the crank-slider mechanism. The digital simulation results demonstrate that the
exclusion of the structural deformations of the crank-slider mechanism from
the formulation of the (P!u) method leads to an overestimation of the engine
friction torque near the top-dead-center (TDC) position of the piston under "ring
conditions. Moreover, for the remainder of the engine cycle, the estimated friction
torque exhibits large oscillations and takes on positive numerical values as if it is
inducing energy into the system. Thus, the adverse e!ects of structural
deformations of the crank-slider mechanism on the estimation of the engine friction
torque greatly di!er in their nature from one phase of the engine cycle to another.

( 1999 Academic Press
1. INTRODUCTION

Reductions in engine frictional losses improve the engine e$ciency, which enhances
the vehicle fuel consumption and reduces the tail pipe HC, CO, and NO
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emissions [1, 2]. This goal cannot be achieved without the development of reliable
methods for measuring instantaneous frictional losses in engines [3}6]. Moreover,
the availability of such tools would enable designers to develop a better
understanding of the lubrication regimes under which engine components may
operate. This knowledge base will aid engineers in modifying their designs to
increase the life expectancy of engine components.

A common method for measuring engine frictional losses is the &&motoring test''.
The engine is motored by a dynamometer and the generated torque that maintains
a constant engine speed is considered to be the friction torque. The major drawback
of this approach stems from the fact that the measured torque accounts for the
combined e!ects of heat losses, pumping work, accessory loads and frictional losses
[5]. Furthermore, the motoring test does not represent actual engine "ring
conditions which result in higher back pressures on the compression rings,
large side thrusts on piston skirts, signi"cant impacts and heavier loads on main
engine bearings. Moreover, the high temperatures associated with engine "ring
conditions can signi"cantly change the viscosity of the lubricating oil "lms. In
addition, the thermal expansions of the engine components can induce variations
in the clearances between the rubbing surfaces. Therefore, the characteristics of the
lubricating regimes under engine "ring conditions greatly di!er from those under
motoring conditions [6, 7].

Other approaches for determining the average value of the overall frictional
losses in internal combustion engines are the Willan line method, the Morse
method and the indicated work method. Although these techniques consider engine
"ring conditions; however, they are limited in their scope of applications to steady
state operating conditions [6].

The (P}u) method determines the instantaneous friction torque of internal
combustion engines under both transient and steady state modes of operations [8].
It is a model-based approach in which the total frictional losses of the engine are
computed from a rigid body model of the crankshaft/connecting-rod/piston
mechanism. This methodology relies on accurate measurements of the cylinder gas
pressure, P, and the crankshaft angular velocity, u.

Similarly, the instantaneous mean e!ective pressure (IMEP) method determines
the piston-assembly frictional losses based on a rigid body model of the piston and
a portion of the connecting-rod [5]. Again, this methodology requires accurate
measurements of the cylinder gas pressure, the connecting-rod forces and the
crankshaft angular velocity.

Note that both the (P}u) and the IMEP techniques do not require structural
modi"cations of the engine [9, 10]. They can also be implemented under either
motoring or "ring conditions. However, at speci"c periods during the engine cycle,
both methods have led to erroneous results by yielding positive numerical values
for the friction force/torque. The accuracy of these techniques heavily depends on
the crank-slider model used in the computation of the frictional losses. Neglecting
the piston slap, piston tilting and structural deformations from the dynamic
equations of the crank-slider mechanism renders both approaches to be inaccurate,
particularly, at high engine speeds. The spikes observed in experimental friction
data have been attributed in the literature to impacts that are induced by the piston



Figure 1. Strategy for assessing the e!ects of structural deformations.
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slap. In addition, the friction curve is shown to become hardly recognizable at high
engine speeds due to the e!ect of the crank-slider structural deformations.

In an attempt to consider the e!ect of structural deformations, Taraza and his
co-workers [11] have mounted two optical encoders on the crankshaft and used
a lumped mass model of the crank-slider mechanism to approximate the rigid body
angular velocity of the crankshaft. The latter is then used in the (P}u) method to
determine the engine friction torque. This procedure, which served to improve the
accuracy of the (P}u) technique, can only be implemented under steady state
operating conditions of the engine and cannot take into consideration more than
one elastic mode of the crankshaft.

The purpose of this study is to assess the e!ects of structural deformations of the
crank-slider mechanism on the computation of the instantaneous engine friction
torque. This study has been performed in a fully controlled environment in order to
isolate the e!ects of structural deformations from those of measurement errors or
noise interference. A detailed model, accounting for the rigid and #exible motions of
the crank-slider mechanism and including Rezeka and Henein's [12] engine
component friction formulations, is considered in this study. The model is used as
a test bed to generate the instantaneous friction torque of the engine, ¹

fa
, the rigid

body angular velocity of the crankshaft, u
r
, and the structural deformations of the

crankshaft/connecting-rod/piston mechanism, q
f

(see Figure 1).
The (P}u) method is originally formulated to have the rigid body angular

velocity of the crankshaft, u
r
, the cylinder gas pressure, P, and the engine load

torque, ¹
load

, as inputs. Instead, the measured signals of u
a
, P and ¹

load
are used. u

a
is usually determined from the signal of an optical encoder that is mounted on the
crankshaft. Barring any measurement errors, the di!erence between u

a
and u

r
stems from the crankshaft torsional vibrations present in the optical encoder signal.
Therefore, the objective of this study is to examine the e!ects of the crankshaft
structural deformations on the estimated friction torque of the engine, ¹

fe
, under

the controlled environment that is depicted in Figure 1.
The detailed model of the crankshaft/connecting-rod/piston mechanism along

with the formulations for determining the frictional losses of the engine
components is included in section 2. Subsequently, the (P}u) method is described
and the digital simulation results are presented. In section 4, the work is
summarized and the main conclusions are highlighted.
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2. DYNAMIC MODEL OF THE CRANK-SLIDER MECHANISM

The distributed mass model, presented in this section, describes the combined
rigid and #exible motions of the crankshaft/connecting-rod/piston mechanism for
a single cylinder internal combustion engine (see Figure 2). The formulation ignores
the piston slap and the piston tilting. It treats the piston as a rigid body that can
only move along the centerline of the cylinder.

The model takes into consideration the "rst three elastic modes for each of the
torsional vibration, /, and the out-of-plane transverse deformation, =

cs
, of the

crankshaft. It treats the counterweights, the #ywheel and the crank gear as rigid
Figure 2. A schematic diagram of the crank-slider mechanism.
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bodies. Since the connecting rod is sti!er than the crankshaft then only the "rst
elastic mode of its out-of-plane transverse deformation, =

cr
, is included in the

derivations. The structural #exibility terms are discretized by using the assumed
modes method [13]. The admissible functions in the / and=

cs
approximations are

selected to be the eigenfunctions of the crankshaft, including the counterweights,
the #ywheel and the crank gear [14]. Note that the transverse deformation and the
torsional vibration of the crankshaft are highly coupled. For any two adjacent
beam elements of the crankshaft (see Figure 2), what may constitute the torsional
vibration of one element becomes the slope of the transverse deformation of the
other.

Similarly, the admissible function in the approximation of=
cr

is considered to be
the eigenfunction of a pinned}pinned beam which is readily available in the
literature.

Besides the inertial frame, (X, >, Z), seven non-inertial rotating co-ordinate
systems, M(x

i
, y

i
, z

i
), i"1,2, 7N, are assigned to the piston, the connecting rod and

the "ve beam elements of the crankshaft (see Figure 2). Additional six #oating
co-ordinate systems, M(x

i{
y
i{
, z

i{
), i{"1,2 , 6N, are assigned to the compliant

"ve-beam elements of the crankshaft and the connecting-rod. The extended
absolute position vector of any point on the ith beam element of the crankshaft can
be systematically determined from

Mr(i)
cs
T D 1N"C

i
<
j/1

¹j
j~1D ¹ i{

i
Mx

i{
y
i{

0 D 1NT , (1)

where ¹j
j~1

de"nes the origin and orientation of the jth co-ordinate system with
respect to the ( j!1)th frame in the nominal rigid body con"guration of the
crankshaft. ¹ i{

i
represents the location of O

i{
and the orientation of (x

i{
, y

i{
, z

i{
) with
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Next, the kinetic and potential energy expressions are determined from
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where the datum line is considered to coincide with the inertial Z-axis. The virtual work
done by the non-conservative generalized forces is
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where the terms involving F(i)
ax

re#ect the sti!ening e!ect induced by the centripetal
acceleration of the system. d=

f
is the virtual work done by the friction forces and torques.

It is de"ned as
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where F
rm

and F
rv

represent the friction forces stemming from the boundary-mixed and the
hydrodynamic lubrication regimes of the piston rings, respectively. F

vt
is the friction force of

the valve train. F
sk

is the friction force due to the hydrodynamic lubrication regime of the
piston skirt. ¹

a
is the friction torque of the auxiliaries and unloaded bearings. ¹

lb
is the

friction torque of the loaded bearings. These terms are adopted from the work done by
Rezeka and Henein [12]. Their expressions are slightly modi"ed to suit the current
formulation (see Table 1). It should be emphasized that any other engine friction model
could have served the purpose of this study.

Note that three co-ordinates h, b and c have been used to represent the rigid body motion
of the crank-slider mechanism. To deal with the super#uous co-ordinates, the following two
constraint equations are imposed to prevent the piston from tilting or from moving away
from the centerline of the cylinder in the J-direction:

x6
p
) k

7
"0 and r*

p
(t) ) J"const. (8)

The equations of motion of the crank-slider mechanism are obtained by implementing
the Lagrange principle. The equations can be written in the compact form

M (q) qK#F (q, q5 )"QNC#kT s
1
(q), (9)



TABLE 1
Frictional losses of the engine components
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where q is de"ned to be (h, b, c, q
1
, q

2
, q

3
, q

4
)T; s

1
is obtained by di!erentiating the constraint

equations with respect to time and by writing the results as s
1
qK#s2"0. To handle the

resulting set of di!erential-algebraic (D-A) equations, the Lagrange multiplier vector, k, is
determined by implementing the scheme used in reference [15]. The equations of motion
are then integrated numerically by using the Gear's sti! integrator. The reader is referred to
references [14, 16] for further details on the dynamic model of the crank-slider mechanism.

It should be clari"ed that given the scope of the work described in this paper; one could
have used the substitution method to eliminate the super#uous co-ordinates. However, the
general form of di!erential-algebraic equations is used herein so that future work can build
on the current formulation to consider the e!ects of hydrodynamic lubrication regimes
inherent in the crank-slider mechanism.

3. DIGITAL SIMULATION RESULTS

The equations, presented in the previous section, are included in the upper block
of Figure 1.The detailed model is used herein as a test bed to determine the overall
frictional losses of the engine and to predict the combined rigid and #exible motions
of the crank-slider mechanism. The (P}u) formulation, inserted in the lower block
of Figure 1, is obtained from the rigid body model of the crank-slider mechanism. It
is used to estimate the instantaneous engine friction torque based on the measured
angular velocity of the crankshaft, u

a
, the cylinder gas pressure, P, and the engine

load torque, ¹
load

.
By implementing the substitution method to eliminate the super#uous b and

c co-ordinates, the rigid body model of the crank-slider mechanism can be reduced
to the following di!erential equation in h:

J (h) hG#FM (h, h0 )"G (P, ¹
load

)#¹
fe

, (10)

where all the frictional losses of the crank-slider mechanism have been lumped into
a single term, ¹

fe
. The measurements of h, P and ¹

load
render all the terms in the

above equation to become known quantities except for ¹
fe

. Therefore, the (P}u)
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method uses equation (10) as an algebraic equation for estimating the
instantaneous engine friction torque.

h is usually measured by an optical encoder. The crankshaft angular velocity and
acceleration are then obtained by di!erentiating the optical encoder signal with
respect to time. Note that h consists of the torsional vibration and the rigid body
angular displacement of the crankshaft. Since the formulation of the (P}u) method
does not account for the structural deformations of the crank-slider mechanism, the
torsional vibration component of the optical encoder signal is more likely to cause
erroneous predictions of the frictional losses.

The objective of the current digital simulations is to manipulate the torsional
vibration component of the measured angular velocity, u

a
, in an attempt to assess

the individual or collective contributions of the crankshaft elastic modes on the
estimation of the engine friction torque (see Figure 1).

A cylinder gas pressure trace, corresponding to engine "ring conditions, and
a constant load torque are considered in this study. These signals are used in the
detailed model to determine the friction torque, ¹

fa
, and to predict the rigid and

#exible motions of the crank-slider mechanism. The ¹
fa

plot, shown in Figure 3, is
used here as a base for comparison.

To simulate the implementation of the (P}u) method as presented in the
literature, u

a
is considered to be u

r
#+3

i/1
'

i
(z

1
"0) qR

i
(t) (see Figure 1).

A comparison of Figures 3 and 4 demonstrates that the estimated friction torque
¹
fe

is close to ¹
fa

during the "rst half of the "rst cycle. This is because the digital
simulation starts from an undeformed con"guration of the crank-slider mechanism.
As a consequence, the crankshaft does not experience signi"cant deformations until
the "rst "ring in the cylinder has occurred. Beyond that point, the ¹

fe
plot greatly

di!ers from that of ¹
fa

. This is because the structural deformations start to play
a larger role in the estimation of the friction torque. To support this argument, two
Figure 3. Instantaneous friction torque obtained from the detailed model of the crank-slider
mechanism.



Figure 4. Instantaneous friction torque obtained from the (P}u) method; u
a
"u

r
#+3

i/1
'

i
(z

1
"0) qR

i
(t).

Figure 5. Instantaneous friction torque obtained from the (P}u) method; u
a
"u5

r
#+3

i/2
'

i
(z

1
"0) qR

i
(t).
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additional cases corresponding to u
a
"u

r
#+3

i/2
'

i
(z

1
"0) qR

i
(t) and u

a
"

u
r
#'

3
(z

1
"0) qR

3
(t) have been considered. The ¹

fe
results, illustrated in Figures

4}6, demonstrate that the "rst elastic mode of the crankshaft has the most
signi"cant contribution on the computation of the friction torque. Furthermore,
Figure 6 shows that the e!ect of the third torsional mode on ¹

fe
is insigni"cant.

Thus, the third and higher order elastic modes of the crank-slider mechanism can
be ignored from the formulation without compromising the accuracy of the
estimated friction torque.



Figure 6. Instantaneous friction torque obtained from the (P}u) method; u
a
"u

r
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Figures 3}5 serve to prove that the (P}u) method tends to overestimate ¹
fe

near
the top-dead-center (TDC) position of the piston under "ring conditions. The
erroneous results stem from the fact that the (P}u) method does not account for the
structural deformations of the crank-slider mechanism. Near the TDC position of
the piston, the crankshaft/connecting-rod/ piston mechanism will be subjected to high
cylinder gas pressures that are induced by the combustion process. As a consequence,
the system will undergo maximum deformations that can possibly occur during the
engine cycle. The deformations, re#ecting the strain energy stored in the crank-
slider mechanism (see Figure 7), are introduced to the (P}u) method through u

a
.

Since the (P}u) method does not have any provision in its formulation to account
for the structural deformations, the strain energy stored in the crank-slider
mechanism must appear as frictional losses. This causes ¹

fe
to be overestimated

near TDC position of the piston, which occurs halfway through the cycle.
Similar reasoning can be followed to explain the large oscillations and the

positive numerical values of the friction torque. For the remainder of the engine
cycle, the cylinder gas pressure is relatively small. Thus, the crank-slider mechanism
will try to regain its undeformed con"guration. During this process, the strain
energy stored in the system will be released. Since the (P}u) method does not
handle structural deformations, the only source in the formulation that can account
for the released energy would be ¹

fe
. As a result, the estimated friction torque

would take on positive values; thus, appearing as if it is injecting energy into the
system.

Furthermore, Figure 8 exhibits the result of an interesting case whereby the engine
friction torque is estimated by setting u

a
"u

r
. Under this condition, it would be

reasonable to expect the ¹
fe

plot of Figure 8 to exactly match that of ¹
fa

in Figure 3.
However, the results turned out to be slightly di!erent. The reason for the di!erences
in the plots stems from the fact that by setting u

a
"u

r
one has only removed the

direct e!ect of the crankshaft structural deformations, +3
i/1

'
i
(z

1
"0) qR

i
(t), on u

a
.



Figure 7. Strain energy stored in the crank-slider mechanism.

Figure 8. Instantaneous friction torque obtained from the (P}u) method; u
a
"u

r
.
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The measured angular velocity of the crankshaft is still indirectly in#uenced by the
structural deformations of the crank-slider mechanism through u

r
. Even though

the latter represents the rigid body angular velocity of the crankshaft, it is still
a!ected by the structural deformations due to the strong coupling between the rigid
and #exible motions of the crank-slider mechanism, which has a tendency to
slightly alter the rigid body behavior of the system. This coupling e!ect, inherent in
the physical system, is accounted for in the detailed model of the crank-slider
mechanism by the presence of structural #exibility terms in the rigid body
equations of motion of the system. Recalling that the (P}u) method is based soley
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on the rigid body motion of the crank-slider mechanism, then any direct and/or
indirect e!ects of the structural #exibility on u

a
would have a tendency to induce

errors in the results of the (P}u) method. Thus, the di!erences between the plots in
Figures 3 and 8 can be attributed to the indirect e!ect of structural deformations of
the crank-slider mechanism on u

a
.

Similarly, the close match between Figures 6 and 8 reveals that the high-
frequency oscillations in the ¹

fe
plot of Figure 6 are mostly induced by the indirect

e!ect of structural deformations on u
a
through u

r
rather than by the direct e!ect of

the crankshaft third elastic mode.

4. SUMMARY AND CONCLUSIONS

The current study examines the e!ects of structural deformations of the
crankshaft/connecting-rod/piston mechanism on the estimation of the engine
friction torque. To isolate the e!ects of structural deformations, this work is
performed in a fully controlled environment that is free from any measurement
errors or noise interference. Therefore, a detailed model for the crank-slider
mechanism of a single cylinder engine is used herein as a test bed to generate the
instantaneous friction torque and to predict the rigid and #exible motions of the
system in response to the cylinder gas pressure and a constant load torque. The
model takes into consideration the torsional vibration and the out-of-plane
transverse deformation of the crankshaft along with the out-of-plane transverse
deformation of the connecting rod. In addition, the engine friction torque is
determined based on the formulations provided by Rezeka and Henein [12] for the
computation of the engine component frictional losses. It should be emphasized
that any other engine friction model could have served the purpose of this study.

The (P}u) method is well suited for the purpose of this work because its
formulation is based on a rigid body model of the crank-slider mechanism.
This methodology estimates the engine friction torque based on the measured
signal of the cylinder gas pressure, P, the crankshaft angular velocity, u

a
, and the

engine load torque, ¹
load

. Both the (P}u) method and the detailed model of the
crank-slider mechanism are used herein according to the con"guration shown in
Figure 1. Note that the u

a
input of the (P}u) method is de"ned in such a way that it

simulates the signal usually obtained by di!erentiating the optical encoder signal
with respect to time. The crankshaft torsional vibration component of u

a
is

manipulated in this study to assess the individual as well as the collective
contributions of the crankshaft elastic modes on the estimation of the
instantaneous engine friction torque.

The digital simulation results have demonstrated that erroneous estimations of
the instantaneous engine friction torque can be obtained if the structural
deformations of the crankshaft/connecting-rod/piston mechanism are excluded
from the formulation of the (P}u) method. Near the "ring TDC position of the
piston, the strain energy of the crank-slider mechanism reaches its maximum value.
During this period, the (P}u) method has a tendency to overestimate the friction
torque. Moreover, the absence of high gas pressure in the remainder of the engine
cycle enables the crank-slider mechanism to regain its undeformed con"guration.
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The released strain energy is manifested by large oscillations and positive numerical
values of ¹

fe
; thus, appearing as if the engine friction torque is inducing energy into

the system. Therefore, the e!ects of structural deformations on ¹
fe

greatly di!er
from one phase of the engine cycle to another.

Furthermore, the strong coupling between the rigid and #exible motions of the
crank-slider mechanism have slightly altered the rigid body behavior of the system.
Consequently, u

r
becomes indirectly in#uenced by the structural deformations of

the system which causes the (P}u) method to yield erroneous results even in the
case where u

a
is de"ned to be equal to u

r
. However, it should be emphasized that

the error in ¹
fe

induced by the indirect e!ect of structural deformations on u
r
is

almost negligible in comparison to the one stemming from the inclusion of the "rst
and second elastic modes of the crankshaft in u

a
.
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APPENDIX: NOMENCLATURE

A
i
, m

i
cross-sectional area and mass of the ith beam element respectively

D, d
1

diameters of the cylinder bore and the journal bearing respectively
EI

i
#exural rigidity of the ith beam element

F (q, q5 ) vector containing inertial, sti!ness and gravitational acceleration terms

FM (h, h0 ) represents inertial and gravitational acceleration terms in the rigid body
model of the crank-slider mechanism

G (P, ¹
load

) non-conservative generalized forces due to the cylinder gas pressure and the
load torque

GJ
i

torsional sti!ness of the ith beam element
g, o gravitational acceleration and density respectively
h, P oil "lm thickness and cylinder gas pressure respectively
(I, J, K) unit vectors along the axes of the inertial co-ordinate system
IM
j

inertia tensor of the jth rigid body
J(h) inertia term in the rigid body model of the crank-slider mechanism
¸
i
, ¸

skirt
length of the ith beam element and the piston skirt respectively

M (q) inertia tensor in the detailed model of the crank-slider mechanism
n
crg

, n
valve

numbers of compression rings and valves, respectively
P
e, crg

pressure due to the elastic deformation of the compression ring
QNC non-conservative generalized force vector
q
f

vector consisting of the structural #exibility generalized co-ordinates
[q

1
q
2

q
3

q
4

]T
S¸ valve spring load
¹

fa
, ¹

fe
actual and estimated engine friction torques respectively

¹
load

, <
p

engine load torque and piston velocity respectively
=

cr
, =

cs
out-of-plane transverse deformations of the connecting-rod and the
crankshaft respectively

w
crg

average width of the compression ring
h, b, c angular displacements of the crankshaft, the connecting-rod and the piston

respectively
k dynamic viscosity of the lubricant
/, '

i
torsional vibration and ith eigenfunction of the crankshaft respectively

u
r

rigid body angular velocity of the crankshaft
u

a
measured angular velocity of the crankshaft

x
j

rotation vector of the jth rigid body
( )

cr
, ( )

cs
&&cr'' and &&cs'' subscripts refer to variables associated with the connecting-rod
and the crankshaft respectively

( )
cwi

a &&cwi'' subscript indicates a variable associated with the ith counterweight
( )

fl
, ( )

gr
&&-'' and &&gr'' subscripts denote variables that are associated with the #ywheel
and the crank gear respectively

( )
p
, ( )

pr
&&p11 and 00pr'' subscripts refer to variables that are associated with the piston
mass center and the piston rings respectively
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( )
sk

a &&sk'' subscript refers to a variable that is associated with the piston skirt
( )

, z
i

a &&,z
i
'' subscript indicates partial di!erentiation with respect to z

i( )* a &&*1' superscript refers to a variable that is associated with the mass center
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